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ABSTRACT
Overshooting and semiconvection are among the most uncertainties in the evolution of massive stars.
Complete mixing over a certain distance beyond the convective boundary (Stothers & Chin 1985)
and an exponentially decaying diffusion outside the convection zone (Herwig 2000) are commonly
adopted for the overshoot mixing. Recently, Li (2012, 2017) developed the k-ω model, which can be
used in both convection zones and overshooting regions. We incorporated it in calculations of 30M⊙
stellar models. We find that in the main sequence stage, models with the k-ω model are almost
identical to models with complete mixing in the overshooting region beyond the convective core, and
the overshooting in the k-ω model is equivalent to an overshooting distance of about 0.15HP . In
the post main sequence stage, we find that the overshooting below the bottom of the intermediate
convection zone beyond the hydrogen-burning shell can significantly restrict the size of the hydrogen-
depleted core, and can penetrate effectively into the hydrogen-burning shell. These two effects are
crucial for the evolution of the core helium burning stage. During the core helium burning stage, we
find that the overshooting model based on the k-ω model results in a similar complete mixing region
but a much wider partial mixing region than the overshooting model based on Herwig (2000). In
particular, the overshooting distance in the core helium burning stage may be significantly smaller
than that in the main sequence phase for massive stars.
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21. INTRODUCTION
Overshooting and semiconvection are among
the most uncertainties in the evolution of mas-
sive stars (Woosley et al. 2002; Langer 2012).
During the main sequence stage, massive stars
will form convective cores. Many investigations
indicate that overshooting should be present be-
yond the convective core (Stothers & Chin 1985;
Briquet et al. 2007; Hunter et al. 2008; Brott
et al. 2011). The overshoot mixing may help to
explain the width of the main sequence on the
Hertzsprung-Russell diagram (Stothers & Chin
1985). Near and after the end of the main se-
quence stage, semiconvection can be developed
in the chemical gradient region (Schwarzschild
& Ha¨rm 1958; Chiosi & Summa 1970; Langer,
El Eid & Fricke 1985). As pointed out by Kato
(1966), semiconvection is a kind of overstable
oscillation with its amplitude increasing expo-
nentially to finally result in mixing. Recently,
Spruit (1992, 2013) modelled semiconvection as
a double-diffusive layer, where many thin lay-
ers are formed to allow mixing between those of
convection and diffusion. Mixing in the semi-
convection zone is crucial for the evolution of
massive stars: a strong mixing will result in
helium to be ignited at the stellar center in
the blue supergiant phase, while a weak mix-
ing will cause helium to ignite in the red super-
giant phase (Langer & Maeder 1995; Maeder &
Meynet 2001). During the core helium burn-
ing stage, convective cores are formed again,
and the overshooting beyond the convective core
plays a critical role in determining the size of the
final C/O core (Woosley & Weaver 1988).
There are two kinds of approaches to be com-
monly adopted to treat the overshoot mixing
in the literature. Firstly, the overshoot mixing
is applied in stellar models by directly increas-
ing the convective region by a certain amount
(e.g. Stothers & Chin 1985). The overshooting
distance is usually assumed to be proportional
to the local pressure scale height, and the coef-
ficient is considered as a free parameter to be
determined by comparisons with observations
(Mermilliod & Maeder 1986; Maeder & Meynet
1987; Ekstro¨m et al. 2008; Briquet et al. 2007;
Hunter et al. 2008; Brott et al. 2011). The
other is based on numerical simulations of stel-
lar convection (Freytag et al. 1996), and de-
scribes the overshooting region by a diffusion
approach with an exponentially decaying diffu-
sion coefficient (e.g. Herwig 2000). Similarly, a
model parameter fOV should be determined by
comparisons with observations.
Calibrations of overshooting parameters are
essential for applications of any overshooting
formalisms. Based on the main sequence widths
of star clusters, Mermilliod & Maeder (1986)
and Maeder & Meynet (1987) obtained an over-
shooting of 0.23 ∼ 0.3HP from comparisons
with nonrotating stellar models, and Ekstro¨m
et al. (2008) found an overshooting of 0.1HP for
rotating stellar models. Based on asteroseismo-
logical investigations, Briquet et al. (2007) de-
termined the overshooting to 0.44HP for the β-
Cephei variable θ Ophiuchi, whereas Moravveji
et al. (2015) found the overshooting to fov ≈
0.017 for a B8.3V star KIC 10526294. However,
overshooting in the core helium burning stage
has not yet been reasonably estimated so far
for massive stars.
Various approaches have been proposed to
treat the mixing in the semiconvection region.
Langer et al. (1983) proposed an approximate
numerical model based on the linear analysis
of Kato (1966). Based on the double diffusive
picture, Spruit (1992, 2013) approximated the
mixing in the semiconvection layer by a semi-
convective diffusion coefficient. On the other
hand, the timescale of semiconvection is usually
considered to be the thermal timescale, which
is much shorter than the nuclear timescale in
the main sequence stage. As a result, the de-
tailed treatment of semiconvection makes little
difference for the main-sequence evolution, and
3a complete mixing with the Schwarzschild cri-
terion for a convection zone is often adopted in
models of massive stars.
As originally pointed out by Xiong (1978,
1985), stellar convection is going to develop into
turbulence. Therefore, the turbulent convection
models (Xiong 1985; Xiong et al. 1997; Canotu
1992, 1993; Li & Yang 2001), which are fully
based on moment equations of fluid hydrody-
namics, are appropriate to be used to describe
the convective overshooting. Using the turbu-
lent convection models, the effects of overshoot-
ing on the main sequence evolution of massive
stars have been studied (Xiong 1986; Ding & Li
2014a, 2014b).
Recently, Li (2012, 2017) proposed a k-ω
model for stellar convection. The k-ω model
is based on moment equations of fluid hydrody-
namics. Under appropriate assumptions, gen-
erations due to buoyancy and the shear from
convective rolling cells and dissipation of tur-
bulent kinetic energy are reasonably included,
and the turbulent transport effect is approxi-
mated by a gradient-type diffusion model (see
Section 2 for details). It has been applied al-
ready in the solar models, sdB models, and evo-
lution of low and intermediate mass stars (Li
2017; Li et al. 2018). The k-ω model includes
eight free parameters (Li 2017), which should
be determined in advance for applications in
stars. Unlike those traditional overshooting for-
malisms that are phenomenological prescription
(e.g., Stothers & Chin 1985) or fitting formula
to direct numerical simulations (e.g., Herwig
2000), the k-ω model is a fully dynamic theory
for stellar turbulent convection. It can approx-
imately describe the turbulent motions by two
differential equations, directly resulting in the
properties of turbulent convection in stars. One
advantage of this property is that it can be ap-
plied to similar situations when its parameters
has been properly determined in advance. For
example, it can be used to the convective core
during the core helium burning stage, if its pa-
rameters has been determined for the convec-
tive core of a star during the main sequence.
This provides us an opportunity to explore the
overshooting in the core helium burning stage
of massive stars, with the aid of observational
constraints in the main sequence.
In the present paper, we show the applications
of the k-ω model in the evolution of a 30M⊙
star, not only in the main sequence but also in
the central helium burning stages. In the main
sequence stage, we compare stellar models of
the k-ω model with stellar models of other over-
shooting formalisms, in order to calibrate the
free parameters in the k-ω model under con-
straints of observations. Then we continue to
evolve the stellar models to core helium burning
stage, to calibrate the overshooting that cannot
be properly constrained up to now both theo-
retically and observationally. In Section 2, we
introduce equations of the k-ω model. In Sec-
tion 3, we briefly summarize the input physics
of our calculations of stellar models, and intro-
duce how to incorporate the k-ω model into our
stellar models. Our main results are discussed
in Section 4 for stellar models in the main se-
quence stage and in Section 5 for stellar models
in the central helium burning stage. In Section
6, we summarize our main conclusions.
2. EQUATIONS OF THE k-ω MODEL FOR
STELLAR CONVECTION
Because of great dimensions of stellar con-
vection zones, the stellar convective motions
must evolve into fully developed turbulence and
should be described by turbulence models. We
describe the stellar turbulent convection by a
k-ω model developed by Li (2012, 2017), which
is fully based on moment equations of fluid hy-
drodynamics. The turbulent convection is de-
scribed by an equation for turbulent kinetic en-
ergy k:
∂k
∂t
−
1
r2
∂
∂r
(
r2νt
∂k
∂r
)
= S + G− kω, (1)
4and an equation for turbulence frequency ω:
∂ω
∂t
−
1
r2
∂
∂r
(
r2
νt
σω
∂ω
∂r
)
=
c2Lk
L2
− ω2, (2)
where S and G respectively represent the shear
and buoyancy production rate of the turbulent
kinetic energy, L represents the macro-length
of turbulence that is equivalent to the mixing-
length in the standard mixing-length theory. In
Equations (1) and (2), the turbulent diffusivity
νt is approximated by:
νt = cµ
k
ω
. (3)
According to common choices (e.g., Pope 2000),
the model parameters cµ = 0.09 and cL = c
3/4
µ ,
and σω = 1.5.
According to Li (2012, 2017), the buoyancy
production rate is approximated by
G = −
ct
1 + λω
ρcP k
+ ctcθω−2N2
k
ω
N2, (4)
where the buoyancy frequency N is defined in a
chemically homogeneous region as:
N2 = −
βgT
HP
(∇−∇ad) , (5)
and the radiation diffusivity λ is defined as:
λ =
16σT 3
3ρκ
. (6)
In above equations, ρ is the density, P the pres-
sure, T the temperature, cP the specific heat
at constant pressure, g the gravitational ac-
celeration, HP the local pressure scale height,
κ the Rosseland mean opacity, σ the Stefan-
Boltzmann constant, ∇ and ∇ad are respec-
tively the actual and adiabatic temperature gra-
dient, and the thermodynamic coefficient β is
defined by
β = −
1
ρ
(
∂ρ
∂T
)
P
. (7)
ct and cθ in Equation (4) are two parameters,
and their values are given by turbulence models
(e.g., Hossain & Rodi 1982): ct = 0.1 and cθ =
0.5.
The shear production rate is approximated by
S =
cµ
cL
q
1 + q2
kω, (8)
where q is defined by
q =
(
ρcPL
2
λ
ω
)−2/3
. (9)
The macro-length of turbulence L is usually
assumed to be proportional to the local pressure
scale height HP , if the thickness of the stellar
convection zone is much greater than the local
pressure scale height:
L = cLαHP , (10)
where α is a model parameter. For convective
cores, however, their sizes are usually smaller
than the local pressure scale height. Accord-
ingly, the macro-length of turbulence L will be
restricted by the actual size of the convection
core. We therefore adopt the model of Li (2017)
for the macro-length of turbulence in the con-
vective core:
L = cLα
′Rcc, (11)
where Rcc is the radius of the convective core,
and α′ is a model parameter.
The evolution of element abundance in the
stellar interior can be approximately treated by
a diffusion equation:
∂Xi
∂t
=
∂
∂m
[(
4piρr2
)2
(Dmix +Dt)
∂Xi
∂m
]
+ di,
(12)
where Xi is the mass fraction and di the gen-
eration rate of element i. Dmix represents the
diffusion coefficient due to any mixing process,
such as element diffusion, meridional circula-
tion, etc., while Dt is due to the convective
5and/or overshoot mixing and is approximated
by:
Dt =
cX
1 + λω
ρcP k
+ ctcθω−2N2
k
ω
. (13)
In Equation (13), cX is a model parameter.
3. INPUT PHYSICS AND NUMERICAL
SCHEMES
Our stellar models are computed with the
Modules of Experiments in Stellar Astrophysics
(MESA), which was developed by Paxton et
al. (2011, 2013, 2015, 2018). We use ver-
sion 6596 of MESA and choose the package
of ”7M prems to AGB”. The detailed input
physics is described as follows. We consider the
evolution of star with an initial mass of 30M⊙.
We choose the initial composition of our stellar
models to be (Y, Z) = (0.28, 0.02). As an ex-
ample to explore the overshooting in the core
helium burning stage, it is suitable to discuss
the stellar evolution with only one value of the
initial mass and chemical composition. We have
calculated the evolution of the star from the pre-
main-sequence to the depletion of helium at the
stellar center. We use the ”basic” nuclear net-
work of MESA, which include pp chains and
CNO cycles for hydrogen burning and helium
burning reactions. In order to evolve the stel-
lar models to the helium burning stage, we use
the OPAL opacity data with GN93 composition
(Grevesse & Noels 1993), which include extra C
and O enhancement. The Eddington grey at-
mosphere is used as the outer boundary condi-
tion. We adopt ”Dutch” scheme of MESA for
the mass loss due to stellar wind with the wind
coefficient η = 1.0, which is exactly the same as
that used in Choi et al. (2016).
We use the k-ω model to treat convection,
whose parameters are summarized in Table 1.
It should be noted that the values of the ad-
justable parameters (cX , α, and α
′) are adopted
according to solar and stellar calibrations (Li
2012, 2017). The Schwarzschild criterion is
Table 1. Parameters of the k-ω model
cµ σω cθ ct ch cX α α
′
0.09 1.5 0.5 0.1 2.344 0.01 0.7 0.06
adopted to determine the convection zone. We
also use the standard mixing-length theory to
calculate stellar models for comparisons, using
the mixing-length parameter α = 1.73. Mix-
ing due to rotation is not included in our stellar
models, though it is believed to be significant
in massive stars (Maeder 1987; Langer 1991;
Maeder & Meynet 2000; Maeder 2009).
We have implemented the k-ω model into
MESA v6596 through run star extras.f package
as follows. We use the k-ω model for every
convection zone. It should be noted that the
way we have used to treat a convective core is
slightly different from the way to treat an inter-
mediate convection zone. For a convective core,
we use Equation (11) for the macro-length of
turbulence L, while for an intermediate convec-
tion zone we use Equation (10). When a stellar
model is obtained by solving the equations of
the stellar structure, we solve Equations (1) and
(2) in the run star extras.f package to obtain
Dt. Then we apply Dt to continue calculations
of the chemical evolution with MESA.
4. PROPERTIES OF CONVECTION
DURING THE MAIN SEQUENCE STAGE
During the central hydrogen burning phase,
the star of 30M⊙ develops a convective core.
The overshoot mixing beyond the convective
core is considered in two types: according to the
k-ω model and according to Herwig (2000). We
adopt the overshooting parameter fOV = 0.012
in Herwig (2000) approach, in order to match its
result to that of the k-ω model. The mass en-
closed inside the convective core reduces with
the hydrogen consumption in the convective
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Figure 1. Development of the convective core dur-
ing the main sequence stage. The abscissa is the
central hydrogen abundance, while the ordinate is
the mass fraction of the convective core.
core, leaving a chemical gradient region behind.
When the central hydrogen abundance is below
about 0.5, a convective shell is formed accord-
ing to the Schwarzschild criterion around the
upper edge of the chemical gradient region and
becomes wider and wider. As this convective
shell can be developed into the chemical gradi-
ent region, mixing in it is still uncertain. Ei-
ther complete mixing (Stothers & Chin 1985)
or partial mixing due to semiconvection (Langer
et al. 1983) is commonly adopted in the litera-
ture. We also include these two types of mixing
in our stellar models, and consider three types
of their combinations: overshooting of Herwig
(2000) beyond the convective core plus complete
mixing in the semiconvection zone (referred to
as OV+Sch), overshooting of the k-ω model be-
yond the convective core plus complete mix-
ing in the semiconvection zone (referred to as
KO+Sch), and overshooting of the k-ω model
beyond the convective core plus partial mix-
ing in the semiconvection zone (referred to as
KO+Semi). We adopt a diffusion coefficient of
2×106cm2s−1 for the partial mixing in the semi-
convection zone, the reason will be discussed in
Section 4.2.
The development of the convective core is
shown in Figure 1, which displays the bound-
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Figure 2. Hydrogen profiles at the end of the main
sequence stage for the three considered stellar mod-
els.
ary of the convective core as a function of the
central hydrogen abundance. It can be noticed
that all of the three considered models result in
almost identical convective cores. This result
implies that the overshoot mixing of the k-ω
model is roughly equivalent to that of Herwig
(2000) with fOV = 0.012. It should be noted
that different treatments of mixing in the semi-
convection region have almost no effect on the
development of the convective core. The hy-
drogen profiles are shown in Figure 2 for those
stellar models at the end of the central hydrogen
burning phase. It can be seen that the hydro-
gen profiles are quite similar for KO+Sch and
OV+Sch models, but fairly different in the re-
gion of m/M > 0.5 for KO+Semi model due to
different mixing schemes in the semiconvection
zone.
4.1. The convective core
The distributions of the turbulent kinetic en-
ergy and turbulence frequency are shown in Fig-
ure 3 for a KO+Semi model in the early main
sequence stage. It can be seen that the turbu-
lent kinetic energy keeps at high values in the
convective core, and decays exponentially in the
overshooting region. It should be noted that
the turbulent kinetic energy drops considerably
near the stellar center, because it is inversely
proportional to the local pressure scale height
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Figure 3. Distributions of the turbulent kinetic
energy (upper panel) and the turbulence frequency
(lower panel) in the convective core and the over-
shooting region for a KO+Semi model in the early
main sequence stage.
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Figure 4. Distribution of the turbulent diffusivity
in the convective core and the overshooting region
for the same KO+Semi model in Fig. 3.
that is going to be infinity at the stellar center.
The turbulent diffusivity is also shown for the
same KO+Semi model in Figure 4. Again, it
takes a high value to ensure complete mixing in
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Figure 5. Distributions of both radiative and adi-
abatic temperature gradients for a stellar model in
the early main sequence stage. The vertical line
indicates the Schwarzschild boundary of the con-
vective core.
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Figure 6. Distributions of the turbulent diffusiv-
ity near the boundary of the convective core for
a OV+Sch model and a KO+Sch model in the
early main sequence. The vertical line indicates
the Schwarzschild boundary of the convective core.
the convective core, and decays exponentially to
give a partial mixing in the overshooting region.
In order to compare the properties of the over-
shooting region, we present the distributions of
temperature gradients in Figure 5, and show
the turbulent diffusivity for the OV+Sch model
and the KO+Sch model in Figure 6. There
are two features that should be noticed in Fig-
ure 6. The KO+Sch model results in a sharp
decrease in the turbulent diffusivity near the
boundary of the convective core, which will give
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Figure 7. Distributions of the hydrogen abun-
dance near the boundary of the convective core for
both stellar models in Fig. 6. The vertical line indi-
cates the Schwarzschild boundary of the convective
core.
a shorter complete mixing overshooting region
beyond the convective core than the OV+Sch
model does. On the other hand, the KO+Sch
model results in a slower decay of the turbulent
diffusivity, which will produce a longer partial
mixing overshooting region than the OV+Sch
model does. Figure 7 shows the hydrogen pro-
files of the two considered models. It can be
seen that the whole overshooting region of the
KO+Sch model is about 0.2HP , while that of
the OV+Sch model is about 0.15HP . However,
the complete mixing overshooting region of the
KO+Sch model is only about half of that of the
OV+Sch model. Our results of the overshooting
distance is in agreement with observational con-
straints (Mermilliod & Maeder 1986; Maeder &
Maynet 1987; Ekstro¨m et al. 2008; Moravveji
et al. 2015).
4.2. The semiconvection region
When a convective shell appears near the up-
per edge of the chemical gradient region, mix-
ing in it may become quite uncertain, depend-
ing on which stability criterion to be applied
(Schwarzschild criterion or Ledoux criterion)
and which mixing scheme to be used (com-
plete mixing or partial mixing). The complete
mixing is the most straightforward way, but it
will bring about problematic results as shown
in the left panels of Figure 8. It can be no-
ticed that after application of the complete mix-
ing in a convective region unstable against the
Schwarzschild criterion, some part of it may be-
come stable against the Schwarzschild criterion.
Furthermore, continuous applications of com-
plete mixing according to the Schwarzschild cri-
terion would make many small step shapes on
the hydrogen profile and many small burrs on
the radiative temperature gradient in the same
region. By comparing left and middle panels of
Figure 8, the results of mixing sensitively de-
pend on detailed practice of the mixing process
itself, and a tiny difference at the beginning may
result in a significant difference at the end.
Therefore, we adopt the partial mixing in
the semiconvection region. We use a diffusion
equation to describe the partial mixing, and
choose a proper diffusion coefficient to keep the
radiative temperature gradient always larger
than the adiabatic temperature gradient in the
whole semiconvection zone. In our calculations,
we adopt the diffusion coefficient Dmix to be
2× 106cm2s−1. It can be seen in the right pan-
els of Figure 8 that the semiconvection region
always satisfies the Schwarzschild criterion, and
the hydrogen profile keeps smooth as much as
possible.
5. PROPERTIES OF CONVECTION
DURING THE HELIUM BURNING
STAGE
As soon as hydrogen is depleted in the convec-
tive core, a helium core is formed. The helium
core begins to contract and then to heat up, re-
sulting in the formation of a hydrogen-burning
shell on its surface. At about the same moment,
an intermediate convection zone is formed not
far above the hydrogen-burning shell, and soon
expands to almost the entire chemical gradient
region. We also consider two types of mixing
in this intermediate convection zone: complete
mixing inside the Schwarzschild boundaries and
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Figure 8. Distributions of temperature gradients (upper panel) and profiles of hydrogen abundance (lower
panel) for the semiconvection zone of the three considered stellar models in the late main sequence stage.
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Figure 9. Development of the convective core dur-
ing the central helium burning stage. The abscissa
is the age in unit of Myrs, while the ordinate is the
mass of the convective core in solar mass unit.
overshoot mixing according to the k-ω model.
Soon later, helium ignites at the stellar cen-
ter, leading to the formation of a new convec-
tive core. Afterwards, the convective core ex-
pands while the intermediate convection zone
above the hydrogen-burning shell shrinks both
in mass. Two types of overshoot mixing be-
yond the convective core are considered: ac-
cording to the k-ω model and according to Her-
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Figure 10. Helium profiles when helium is ex-
hausted in the convective core for the three con-
sidered stellar models. The abscissa is the mass in
unit of solar mass.
wig (2000). We adopt the overshooting param-
eter fOV = 0.004 in Herwig (2000) approach.
Finally, we consider three types of their com-
binations: core overshooting of Herwig (2000)
plus complete mixing in the intermediate con-
vection zone (referred to as OV+Sch), core over-
shooting of the k-ω model plus complete mixing
in the intermediate convection zone (referred
to as KO+Sch), and overshooting of the k-ω
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Figure 11. Distributions of both radiative and
adiabatic temperature gradients for the intermedi-
ate convection zone of a KO+KO stellar model in
the post main sequence stage.
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Figure 12. Distribution of the turbulent diffu-
sivity for the intermediate convection zone of the
KO+KO model in Fig. 11. The vertical lines indi-
cate the Schwarzschild boundaries of the interme-
diate convection zone.
model in both convective regions (referred to as
KO+KO).
The development of the convective core is
shown in Figure 9 for the three kinds of models.
It can be seen that the overshoot mixing of Her-
wig (2000) results in the largest convective core
during most of time. It should be noted that the
development of the convective core is insensitive
to the overshooting parameter fOV (our choice is
fOV = 0.004), and different values in the range
of 0.001 < fOV < 0.004 give almost the same
results. On the other hand, however, the over-
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Figure 13. Hydrogen profile of the intermedi-
ate convection zone for the KO+KO model in Fig.
11. The vertical lines indicate the Schwarzschild
boundaries of the intermediate convection zone.
shoot mixing of the k-ω model results in differ-
ent convective cores depending on which mix-
ing scheme is used in the intermediate convec-
tion zone: the complete mixing leads to a simi-
lar convective core as the OV+Sch model, while
the overshoot mixing of the k-ω model leads to
the smallest convective core (about 0.3M⊙ lower
in average). It is interesting to notice in this
case that different treatments of mixing beyond
the hydrogen-burning shell can significantly af-
fect the development of convection within the
hydrogen-burning shell. Recently Choi et al.
(2016) calculated the MESA stellar models with
fOV = 0.016 both in the main sequence and in
the core helium burning stage. The convective
cores in their core helium burning models with
the same mass will be much bigger than ours.
Figure 10 shows the helium profiles for models
of the three kinds of mixing schemes at the end
of the helium burning phase. It can be seen that
the OV+Sch model gives the largest helium de-
pleted core, while the KO+KO model gives the
smallest one.
5.1. The intermediate convection zone
The profiles of radiative and adiabatic tem-
perature gradients are shown in Figure 11 for
the intermediate convection zone beyond the
hydrogen-burning shell. It is worth to notice
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Figure 14. Distributions of temperature gradients and hydrogen profiles for OV+Sch (upper panels) and
KO+KO (lower panels) stellar models before (left panels), just (middle panels), and after (right panels)
the moment when the lower edge of the intermediate convection zone penetrates into the innermost place.
The right panels clearly show that the lower edge of the intermediate convection zone is in contact with the
hydrogen-burning shell.
that this intermediate convection zone is fairly
wide, occupying a width of about 5HP . The
corresponding profile of turbulent diffusivity is
shown in Figure 12 for the overshoot mixing of
the k-ω model. It can be noticed that there
are two overshooting regions at both side of
the intermediate convection zone: an inner one
below and an outer one above. For the in-
ner overshooting region, the turbulent diffusiv-
ity drops suddenly to about 106cm2s−1 and then
decreases exponentially, resulting in an over-
shooting distance of about 0.8HP . For the outer
overshooting region, however, the turbulent dif-
fusivity drops only to about 109cm2s−1 and then
decreases exponentially, leaving an overshooting
distance of about 1.2HP . The corresponding
profile of hydrogen abundance is shown in Fig-
ure 13. It can be clearly seen that the hydrogen
profile in the two overshooting regions are quite
different, showing a sharp step in the inner one
but a slow variation in the outer one.
However, the most significant result is that the
lower boundary of the intermediate convection
zone can touch the upper part of the hydrogen-
burning shell. This phenomenon can be clearly
seen in Figure 14, which shows the profiles
of hydrogen abundance and temperature gradi-
ents for the OV+Sch and the KO+KO models
around the moment when the lower edge of the
intermediate convection zone develops inwardly
into the deepest place. It can be seen in the
left panels that the lower edge of the intermedi-
ate convection zone has not developed inwardly
to the innermost place, and also not connected
yet with the hydrogen-burning shell at this mo-
ment. In the middle panels, the lower edge of
the intermediate convection zone has just ar-
rived at the innermost place. For the OV+Sch
model, the hydrogen-burning shell has still not
been in contact with the lower edge of the in-
termediate convection zone. For the KO+KO
model, however, the upper part of the hydrogen-
burning shell has been in contact with the lower
12
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Figure 15. Evolution of the oxygen profile in
the intermediate convection zone for the KO+KO
model. Curves from top to bottom represent oxy-
gen profiles at early to late evolutionary moment.
edge of the intermediate convection zone due
to inclusion of the overshoot mixing. In the
right panels, finally, the hydrogen-burning shell
has been in contact with the lower edge of the
intermediate convection zone for both models,
and the overshoot mixing covers most of the
hydrogen-burning shell for the KO+KO model.
Figure 15 shows the evolution of oxygen pro-
files in the intermediate convection zone of the
KO+KO model. It can be seen clearly that the
oxygen content is continuously decreasing, be-
cause oxygen is burnt into nitrogen through the
ON cycle near the bottom of the intermediate
convection zone.
5.2. The convective core
The profiles of turbulent diffusivity are shown
in Figure 16 for the OV+Sch and the KO+KO
models during the central helium burning
phase. As the size of the convective core is
different now for the two considered models, we
indicate the boundary of the convective core for
both of two models. It can be seen that the val-
ues of turbulent diffusivity are big enough for
both models to ensure complete mixing within
the convective core. In the overshooting re-
gions, however, the turbulent diffusivity decays
much rapidly in the OV+Sch model than in
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Figure 16. Distributions of the turbulent dif-
fusivity for the convective core of OV+Sch and
KO+KO model. The left vertical line indicates
the Schwarzschild boundary of the convective core
for the KO+KO model, while the right one for the
OV+Sch model.
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Figure 17. Helium profiles near the convective
core of OV+Sch and KO+KO model in Fig. 16.
The left vertical line indicates the Schwarzschild
boundary of the convective core for the KO+KO
model, while the right one for the OV+Sch model.
the KO+KO model. The corresponding he-
lium profiles are shown in Figure 17. It can be
noticed that the structure of the overshooting
region is quite different for the two considered
models. For the OV+Sch model, the overshoot-
ing region is totally about 0.04HP , and about
half of it is completely mixed. For the KO+KO
model, however, the total overshooting region
can be about 0.15HP , but the complete mixing
part is only about 0.03HP . This is a convincible
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Figure 18. Development of the hydrogen-depleted
core for the three considered stellar models. The
abscissa is the age in unit of Myrs, while the ordi-
nate is the mass of the hydrogen-depleted core in
solar mass unit.
indication that the overshooting distance in the
core helium burning stage may be significantly
smaller than that in the main sequence phase
for massive stars.
As mentioned before, the development of the
convective core is sensitively dependent on the
development of the intermediate convection
zone beyond the hydrogen-burning shell. This is
because the size of the convective core is closely
related to the helium burning efficiency near
the stellar center, i.e., the central temperature.
On the other hand, the central temperature of
the star depends closely on the mass of the hy-
drogen depleted core, i.e. the location of the
hydrogen-burning shell. It can be noticed al-
ready in Figure 14 that the lower edge of the
intermediate convection zone can penetrate con-
siderably deeper into the stellar interior for the
KO+KO model than for the OV+Sch model.
Consequently, the hydrogen-burning shell of
the KO+KO model will be located at the in-
nermost among the three considered models.
Figure 18 shows the development of the hy-
drogen depleted core for the three considered
models. It can be noticed that the KO+KO
model has the smallest hydrogen depleted core,
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Figure 19. The distribution of the turbulent dif-
fusivity for the convective envelop of the KO+KO
model. The vertical line shows the Schwarzschild
boundary of the base of the convective envelope.
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Figure 20. The hydrogen profile of the convective
envelope for the KO+KO model. The vertical line
shows the same Schwarzschild boundary of the base
of the convective envelope as in Figure 19.
and will consequently have the lowest central
temperature and the smallest convective core.
5.3. The envelope convection
During the late stage of the core helium burn-
ing, all of the three stars evolve to the red super-
giant region in the HR diagram. Then convec-
tion develops in the stellar envelope, resulting
in the formation of a convective envelope. To
compare effects of envelope convection on the
evolution of the three stars, we use the stan-
dard mixing-length theory in the OV+Sch and
KO+Sch models that do not consider the over-
14
shooting below the base of the convective enve-
lope, and use the k-ω model in the KO+KO
model to include the overshooting below the
base of the convective envelope. The typical
distribution of the turbulent diffusion coefficient
in the KO+KO model is given in Figure 19. It
can be seen that turbulent diffusion coefficient
is high enough in the convective envelope to en-
sure a complete mixing up to the stellar sur-
face. Below the base of the convection zone,
however, there is an overshooting region with
the turbulent diffusion coefficient decaying ex-
ponentially inwardly, which is in agreement with
the results of many numerical simulations. The
overshooting distance is about 2HP as seen in
Figure 19, similar to the case of the solar models
(Li 2017). The corresponding hydrogen abun-
dance profile is shown in Figure 20. It can be
noticed surprisingly that the partially mixing
region is very narrow, significantly shorter than
the overshooting region of the turbulent diffu-
sion coefficient. This is mainly because that the
difference of the hydrogen abundance in and be-
low the convective envelope is also very small
(only about 0.01), which is a result of the mass
loss due to the stellar wind that makes the star
to lose almost all its original hydrogen-abundant
envelope and to have an almost chemically ho-
mogeneous envelope in the red supergiant stage.
5.4. The evolution of 30M⊙ stellar models
The evolution tracks of the three considered
models are shown in Figure 21. It should be
noted that the dash-dotted line represents the
KO+Semi model in the main sequence stage
and the KO+KO model in the subsequent evo-
lution stage. It can be seen that the three evo-
lution tracks almost identically coincide with
each other in the main sequence stage. This is
mainly because we have chosen a specified value
of the overshooting parameter fOV = 0.012 for
the OV+Sch model to result in almost the same
size of the convective core as in the KO+Sch
and the KO+Semi models. It should also be
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Figure 21. The Hertzsprung-Russell diagram
for the three considered stellar models. Particu-
larly, the dash-dotted line represents the KO+Semi
model in the main sequence stage and the KO+KO
model in the subsequent evolution stage.
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Figure 22. Variations of central helium abundance
versus the effective temperature for the three stellar
models during the central helium burning stage.
noticed that the detailed hydrogen profile in
the chemical gradient region has little effect on
the evolution tracks. As soon as hydrogen is
depleted in the convective core, the evolution
tracks begin to diverge. It can be seen that the
OV+Sch model mostly has higher luminosity
than the KO+Sch model, because the hydrogen-
depleted core of the OV+Sch model is always
larger than that of the KO+Sch model. How-
ever, the KO+KO model has even higher lu-
minosity than the OV+Sch mode, although its
hydrogen-depleted core is the smallest among
the three considered models. For the KO+KO
15
model, it plays an important role that the lower
edge of the intermediate convection zone can
extend into the hydrogen-burning shell. There
are two effects that contribute to the stellar lu-
minosity. It can be seen in Figure 14 that the
overshooting below the base of the intermediate
convection zone helps hydrogen burn at higher
temperatures. Besides, the overshoot mixing
transports more oxygen simultaneously to the
hydrogen burning area, increasing the efficiency
of the CNO cycle through the process of oxygen
being converted to nitrogen.
Figure 22 shows the variation of the central
helium abundance with the effective tempera-
ture. It can be noticed that helium ignites at the
stellar center when the star has an effective tem-
perature lower than about 10000K, and about
20% to 40% of helium is consumed when log
Teff > 3.6. Among the three considered models,
the KO+KO model is the latest to ignite helium
at the stellar center and the least to consume
helium in higher effective temperature region,
while the KO+Sch model is the earliest to ignite
helium and the most to consume helium in the
higher effective temperature region. It should
be noticed that the three models have almost
the same age of about 5.59Myr at about log
Teff = 4.0, whereas at about log Teff = 3.6 the
OV+Sch model is about 5.689Myr, the KO+Sch
model is about 5.766Myr, and the KO+KO
model is about 5.638Myr.
We compare on the HR diagram the KO+KO
model and the MIST model (Choi et al. 2016)
with similar composition and the observations
of red supergiants in the Milk Way (Levesque
et al. 2005) in Figure 23. It can be noticed
that our result is in good agreement with that
of the MIST model (Choi et al. 2016) before the
red supergiant stage (Teff < 4100K). During the
red supergiant stage, the KO+KO model can
have even lower effective temperatures than the
MIST model (Choi et al. 2016), and is in bet-
ter agreement with the distribution of red su-
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Figure 23. Comparisons of the KO+KO model
and the MIST model (Choi et al. 2016) with sim-
ilar composition and the obervations of red super-
giants of Milky Way (Levesque et al. 2005). The
black squares represent the red supergiants given
by Levesque et al. 2005.
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Figure 24. Variations of central helium abundance
versus the effective temperature for the KO+KO
model and the MIST model (Choi et al. 2016).
pergiants given by Levesque et al. (2005). We
also compare the central helium evolution of the
KO+KO model with that of the MIST model
(Choi et al. 2016) in Figure 24. It can be seen
that the KO+KO model ignites the central he-
lium burning at about log Teff = 3.9 and con-
sumes about 15% of fuel before it arrives in the
red supergiant region, while the MIST model ig-
nites the central helium burning when it arrives
almost in the red supergiant region but then
evolves back as a yellow supergiant to consume
almost its whole fuel.
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6. CONCLUSIONS AND DISCUSSIONS
Mixing due to convective overshooting and
semiconvection are among the most uncertain-
ties in evolution of massive stars. Different
approaches give different mixing efficiencies,
resulting in great divergence of stellar mod-
els. For semiconvection zones, partial mixing
due to overstable oscillation proposed by Kato
(1966) and double-diffusive approach proposed
by Spruit (1992, 2013) are commonly applied
in calculations of massive stellar models. For
convective overshooting regions, complete mix-
ing over a certain distance beyond the con-
vective boundary (Stothers & Chin 1985) and
an exponentially decaying diffusion outside the
convection zone (Herwig 2000) are two com-
monly adopted approaches. Recently, Li (2012,
2017) developed the k-ω model, which can be
used in both convection zones and overshoot-
ing regions. We incorporated the k-ω model
into MESA, and applied it in calculations of
a 30M⊙ stellar model. We compared the stel-
lar models based on the k-ω model with stellar
models based on other approaches to treat the
convective overshooting.
We have found that in the main sequence
stage, models based on the k-ω model is almost
identical to models with complete mixing in
the overshooting region beyond the convective
core, and the overshooting in the k-ω model is
equivalent to an overshooting distance of about
0.15HP . During the late stage of the main se-
quence, a semiconvection zone is developed near
the upper edge of the chemical gradient region.
Complete and partial mixing in it give different
hydrogen profiles, but those differences do not
result in significant difference on the evolution
tracks of considered stellar models.
When hydrogen is depleted in the stellar core,
hydrogen burning process moves to the surface
of the helium core. Meanwhile, an intermedi-
ate convection zone is developed beyond the
hydrogen-burning shell. We have found that the
overshoot mixing below the bottom of the inter-
mediate convection zone can result in two im-
portant effects on the stellar evolution. Firstly,
such a downward overshooting significantly re-
stricts the size of the hydrogen-depleted core,
which will result in a smaller convective core
during the central helium burning stage. Sec-
ondly, the overshooting penetrates effectively
into the hydrogen-burning shell, bringing extra
oxygen originally in the intermediate convection
zone down to the hydrogen burning area to en-
hance hydrogen burning efficiency by transfer-
ring oxygen into nitrogen through ON cycle.
During the central helium burning stage, a
convective core is developed and the mass en-
closed in it is increasing with the consumption
of helium in the convective core. We have found
that the overshooting model based on the k-ω
model results in a similar complete mixing re-
gion to but a much wider partial mixing region
than the overshooting model based on Herwig
(2000). About 40% of helium is burnt near the
stellar center in higher effective temperature re-
gion (log Teff > 3.8), and the inclusion of the
overshooting below the bottom of the interme-
diate convection zone helps to burn more helium
in the higher effective temperature region.
In summary, the overshooting distance in the
core helium burning stage may be significantly
smaller than that in the main sequence phase for
massive stars. In addition, the inclusion of over-
shooting mixing below the bottom of the inter-
mediate convection zone beyond the hydrogen-
burning shell is crucial for the evolution of the
core helium burning stage.
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